Abstract. This paper shows how properties of jet schemes relate to those of the singularity on the base scheme. We will see that the jet scheme's properties of being Q-factorial, Q-Gorenstein, canonical, terminal and so on are inherited by the base scheme.
Introduction
When we are given a scheme X, we can think of the m-jet scheme X m for every m ∈ N associated to X. This notion was introduced in [15] which posed the Nash problem (see [7] for one answer). These jet schemes are objects encoding the nature of the scheme X so that we can see a property of X by looking at X m (see for example [1] , [2] , [3] , [9] , [13] , [14] ). One typical example is that of smoothness. In [9] , we obtain the equivalence of the following:
(1) The scheme X is smooth; (2) X m is smooth for every m ∈ N; (3) X m is smooth for some m ∈ N. It is natural to ask whether the same equivalences hold when we replace "smooth" by other properties. In this paper we think of this problem. We can see that the direction (1) ⇒ (2) or (1) ⇒ (3) fails for many properties. On the other hand, we can show that the implication (3) ⇒ (1) i.e., "If X m has property (P) for some m ∈ N, then X has property (P)" holds for (P ) =normal, locally complete intersection, Q-factorial, QGorenstein, canonical, terminal, log-canonical, log-terminal.
We also consider the relation between a morphism of schemes X −→ Y and the correspoding morphism of jet schemes X m −→ Y m . It is proved in [9] that a morphism f : X −→ Y is smooth (resp. unramified,étale) if and only if the induced morphism f m : X m −→ Y m is smooth (resp. unramified,étale) for some m ∈ N. We consider whether the same statement holds for other properties of morphisms. By a basic property of jet schemes, we obtain the same statement for "isomorphic"(see [10] ). On the other hand, about "flat" we prove in this paper the "if" part and give a counterexample for the "only if" part.
The paper is organized as follows: In section 2, we state some basic properties on jet schemes, including the proofs for the readers' convenience. In section 3, we show the implication: a jet scheme X m satisfies (P) ⇒ the base scheme X satisfies (P) for various properties (P). In section 4, we show that if an induced morphism f m : X m −→ Y m is flat for some m ∈ N, then f : X −→ Y is flat, but the converse does not hold.
In this paper a scheme is always defined over an algebraically closed field k. In some theorems we assume a condition on the characteristic of k according to the situation. When we say variety, it means an irreducible reduced separated scheme of finite type over k. Notation and terminologies on jet schemes are based on [8] .
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Basics on jet schemes
Most of the statements in this section seem to be known by the people in the field of jet schemes. But we give here the proofs for some of them, since we cannot find good references for them. Definition 2.1. Let X be a scheme of finite type over k and
The space of m-jets (or m-jet scheme) of X, denoted by X m , is a scheme of finite type over k, and characterized as follows: Proposition 2.2. Let X be a scheme of finite type over k. For every k-scheme Z we have:
In particular, for Z = X m the morphism
corresponding to id Xm by the above bijection is called the universal family of m-jets of X. 
Consider
). Therefore, it gives an action
By this action we have an ø X -graded algebra ⊕ i≥0 R i with R 0 = ø X such that
Lemma 2.4. For every m ∈ N, the base scheme X is the categorical quotient of X m by the action of G.
Proof. We refere to [12] for the definition of categorical quotient. It is clear that there is a commutative diagram:
If we are given a commutative diagram:
Then, we obtain the commutative diagram:
We note that the universal family Λ :
Therefore, under the ring homomorphism π * m corresponding to the canonical projection π m :
For a k-morphism ϕ : X −→ Y of schemes, the induced morphism 
By this, in our case we obtain that Ω Xm/X m−1 ≃ π * m (Ω X/k ). Corollary 2.7. Let X be a non-singular variety. Then, for m ∈ N, the canonical sheaves of X and X m are related by
Proof. For every m ∈ N, we have an exact sequence:
By this and Proposition 2.6, we obtain the isomorphism.
3. Geometric properties from jet schemes to the base scheme
As the k-scheme X is the categorical quotient of X m for every m ∈ N by the action of G (Lemma 2.4), we obtain by [12] the following:
and normal and normal
Example 3.1. The converse of (i) does not hold in general. We give here an example in [5] . Let X be defined by xy = 0 in A 2 C . Then, X itself is reduced but X m is not reduced for any m ∈ N. Indeed, let
The degree 0 part of I m is generated by x (0) y (0) and the part of degree 1 is generated by
Remark 3.2. About (ii), we have the converse statement: If X is connected, then X m is connected for every m ∈ N. This can be seen as follows: Let P ∈ X m be any point and let x = π m (P ). Then, the orbit O G (P ) of P by the action of G is irreducible and the closure O G (P ) contains σ m (x). Thus, every point of X m is connected to the section σ m (X) by an irreducible curve. Since σ m (X) is connected, X m is connected. C . This shows that X m is not irreducible for any m ∈ N. As X m is connected, it also shows that X m is not locally integral for m ∈ N.
Example 3.4. The converse of (v) does not hold in general. For example, let X be a normal surface defined by
It has an A 1 -singularity at the origin. Then, X m is irreducible by [13] but not normal for any m ∈ N. Indeed, it is known that X m is of dimension 2(m + 1) for every m ∈ N. On the other hand, we can see that dim Sing(X m ) = dim π −1 m (0) = 2m + 1, which shows that X m is not normal.
Next we will think of further properties. Proof. First of all, we note that locally a complete intersection is an intrinsic property and independent of choice of smooth ambient spaces. Since a problem is local, we may assume that X is affine and
. Let x ∈ X be any closed point. Then it is sufficient to prove that if X m is a complete intersection at P = σ m (x), then X is a complete intersection at x. Let ø A N ,x and ø A N m ,P be R 0 and R, respectively. Let I ⊂ R 0 and J ⊂ R be the defining ideals of X and X m , respectively. Then, I and R 0 are direct summands of J and R, respectively. Here, the R 0 -ideal I is regarded as an R-ideal in the canonical way. By this, it follows I ⊗ R 0 k(x) = I ⊗ R k(P ). As I is a direct summand of J we have an injection of k-vector spaces of dimension r and s (r < s), respectively:
By Nakayama's lemma we have elements f 1 , .., f r ∈ R 0 and f r+1 , .., f s ∈ R such that I = (f 1 , . . . , f r ), J = (f 1 , . . . , f s ). As X m is a complete intersection at P , we have the equality of Krull dimensions:
since s is the minimal number of generators of J and X m is a complete intersection at P . Therefore, dim R/(f 1 , .., f r ) = N(m + 1) − r. Since
N ]]/(f 1 , .., f r ) = N − r which shows that X is a complete intersection at x. Example 3.6. If X is locally a complete intersection, then X m is not necessarily locally a complete intersection. Example 3.3 shows such an example. Theorem 3.7. If X m is a Q-factorial variety for an m ∈ N, then X is Q-factorial.
Proof. As X m is a Q-factorial variety, X m is normal and integral, therefore X is normal and integral by the statement at the beginning of this section. It is sufficient to prove that for a prime divisor D ⊂ X there is an integer r > 0 such that rD is a Cartier divisor. Since X is normal,
then by the assumption of the theorem there is an integer r > 0 such that rD is a Cartier divisor. Then, the subschemeD ∩ σ m (X) is isomoprhic to D by the isomorphism π m | σm(X) : σ m (X) ≃ X. This follows from the following diagram, where all inclusions become equalities:
Therefore we have only to show thatD ∩ σ m (X) is a Q-Cartier divisor on σ m (X). Now we have
which follows from the fact that the both divisor coincide on an open subset σ m (X) reg by
where the last equality follows from the fact thatD ∩ (X reg ) m is a Cartier divisor. As (rD) ∩ σ m (X) in (2) is a Cartier divisor, it follows that r(D ∩ σ m (X)) is a Cartier divisor on σ m (X).
When we say that a scheme is Q-factorial, Q-Gorenstein, canonical, log-canonical, terminal, log-terminal, we always assume that the scheme is integral and normal. Let any of these property be (P), then "if X satisfies (P), then X m satisfies (P) " does not hold as we already have Example 3.4 that X satisfies (P) but X m is not even normal for any m ∈ N. Proof. We may assume that X is a normal affine variety. By Proposition 2.7,
Take an effective divisor D 0 ∈ |r(m + 1)K X | and let
Since the Cartier divisor D + F on X m does not contain the section σ m (X) in its support, the restriction (D + F )| σm(X) can be defined and it is also a Cartier divisor. By the definition of F , we have
On the other hand, we have that D| σm(X)reg corresponds to D 0 | Xreg by the isomorphism σ m (X) ≃ X. Therefore, we have (D + F )| σm(X) correponds to D 0 which shows that D 0 is a Cartier divisor. Proof. Let Y m = Spec R, where R is a graded ø Y -algebra and R = ⊕ i≥0 R i the homogeneous decomposition. Let
′ as an open subscheme and there is a proper morphism ϕ Proof. By Theorem 3.8, X is Q-Gorenstein. By Lemma 3.9, we obtain a proper birational morphisim ψ :Ỹ −→ X m with non-singularỸ such that the diagram (3) is commutative. Then, it follows:
for ψ-exceptional prime divisors F i . As an exceptional prime divisor for f m is the restriction F i | Ym and it is of the form (π Y m ) * (E i ) for a prime divisor E i on Y , we obtain
Restricting this equality on the section σ m (Y ), we obtain
As we have K Xm | σm(X) = (m + 1)K X with identifying X and σ m (X), the equality (4) is transfered by the isomorphism σ m (Y ) ≃ Y as follows:
Therefore, a i ≥ 0 (resp. a i > 0, a i > −1) for every i implies X has at worst canonical (resp. terminal, log-terminal) singularities.
Theorem 3.11. Assume chark = 0. If X m has at worst log-canonical singularities for an m ∈ N, then X has at worst log-terminal singularities.
Proof. Look at the equality (5) in the proof of Theorem 3.10. The log-canonicity condition
which is the log-terminality condition of X. n = 0. It is well known that X has an isolated singularity at the origin 0, which is a canonical singularity for n ≥ 3 and a terminal singularity for n ≥ 4. We will show that X 1 has canonical singularities for n ≥ 4, and has terminal singularities for n ≥ 5. The 1-jet scheme X 1 is defined by
. Let H and L be the hypersurfaces in A 2n defined by n i=1 x 2 i = 0 and
(1) i = 0, respectively. Let f : Z −→ A 2n be the blow up of A 2n by the center Sing X 1 = {x 1 = · · · = x n = 0}. Then the proper transformX 1 of X 1 is the intersectionH ∩L of the proper transformsH andL of H and L, respectively. We can see thatX 1 is non-singular, thereforeX 1 is a resolution of the singularities of X 1 . Let E be the exceptional divisor of f , thenH ∼ −2E andL ∼ −E. By this, it follows
Therefore, n ≥ 4 if and only if X 1 is canonical and n > 4 if and only if X 1 is terminal. For a proof of the theorem, we assume that f * : B −→ A is not flat. By [11, Theorem 77] , it is equivalent to that there exists an ideal I ⊂ B such that the canonical map 
Morphisms of jet schemes

